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Abstract 

A theoretical model was used for permeate flux decline prediction. Ultrafiltration experiments were performed
varying TMP and feed concentration. The feed solution consisted of an aqueous solution of polyethylene glycol
with a molecular weight of 35,000 Da. Monotubular Al2O3–TiO2 ceramic membranes with a molecular weight cut
off (MWCO) of 5 kDa (Tami Industries, France) were used in the experiments. Experimental data and model
predictions were compared. The influence of feed concentration in the accuracy of permeate flux decline
prediction was studied. The model predicted very accurately the reduction in the influence of transmembrane
pressure (TMP) on permeate flux as the feed concentration increased. The best predictions were obtained for the
highest feed concentration tested. For this feed concentration the influence of TMP on experimental and predicted
permeate flux was very low. 
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1. Introduction 

A theoretical model that achieves to accu-
rately describe a separation process is a powerful
tool for the description, knowledge, prediction,
control and optimization of that phenomenon. 

Experimental test are not necessary when
there is a theoretical model that can provide the
same information that can be obtained experi-
mentally. Moreover, theoretical models can help
to optimize the value of a variable by managing
with the rest of the variables considered by the
model. These variables modify the physical or
chemical phenomenon described by the model.*Corresponding author.
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Theoretical models are also useful in the optimi-
zation of industrial processes, for computer sim-
ulation, etc. 

Differential equations are the basis of the con-
servation laws governing the following quanti-
ties: energy, mass and linear momentum. They
play an important role when modelling physico-
chemical processes. Modelling these processes is
a challenge due to their complexity as a conse-
quence of the large quantity of variables that have
an influence on them and their interrelation.
Mathematics is crucial in model formulation and
in the development of the required tools for its
application. 

Advances in the knowledge and modelling of
membrane fouling processes have been remark-
able in the past fifteen years. Fouling is respon-
sible for permeate flux decline in microfiltration
and ultrafiltration processes. However, the main
fouling mechanisms, the variables affecting foul-
ing and their interrelation are a field with high
expectations and not enough results. 

Membrane literature is full of articles con-
cerning fouling mechanisms that propose theoret-
ical and empirical models to describe the relation
between permeate flux and other variables: trans-
membrane pressure (TMP), crossflow velocity,
feed concentration, particle size, etc. 

The first models proposed for the prediction
of permeate flux decline with time and for the
prediction of the achievement of steady-state
were obtained by means of the classic filtration
theory. Pore blocking and cake formation mod-
els were used to describe this process. However
they do not account for the effect of the tangen-
tial flow. Therefore, these models predict a final
permeate flux value of cero, which does not
occur in membrane crossflow filtration. 

Several models accounting for the dynamic
nature of the fouling process were developed
later: a model that applies the dead-end ultrafil-
tration theory in the dynamic case [2], Song and
Elimelech’s dynamic model for crossflow ultra-
filtration (this model has been used and modified

in many occasions [1,3–7]), Bhattacharjee and
Bhattacharya’s model for osmotic pressure con-
trolled and gel layer controlled ultrafiltration [8],
dynamic model that combines pore blocking and
gel layer formation [9], dynamic model for gel
layer formation [10]. 

These models were used by Vincent et al.
[11–16] in the ultrafiltration of PEG with
ceramic membranes. The research carried out by
Song et al. constitutes an important progress in
the knowledge and modelling of microfiltration
and ultrafiltration fouling processes. The model
proposed focus on concentration polarisation
and gel layer formation. It also takes into account
the concept of critical pressure and its relation
with gel layer formation. It can be considered as
the second part of the research carried out by
Wakeman [17] about cake layer formation and
growth over the membrane surface distinguishing
different regions. 

As in most of the proposed dynamic models,
some parameters must be experimentally or the-
oretically determined. However the most com-
monly used equations for this purpose are not
very accurate, for example equations for gel layer
concentration, Cg, and intrinsic resistance, rc,
determination. 

This work focuses on Song and Elimelech’s
dynamic model because it is considered to be
the most integral and versatile model. 

2. Materials and methods 

The experiments were carried out in the
ultrafiltration pilot plant described elsewhere
[11–12,14]. Fouling experiments were performed
with monotubular membranes. Their active layer
consisted of TiO2/Al2O3 and they were manu-
factured by Tami Industries, France. They were
20 cm long with an external and internal diameter
of 10 and 6 mm, respectively. The membrane
area was 35.25 cm2 and its molecular weight
cut-off was 5 kDa. 
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A total amount of 36 experiments were car-
ried out with the Tami membrane. In these
experiments transmembrane pressure (0.2, 0.3,
0.4 and 0.5 MPa), feed concentration (5, 10 and
15 g/L) and crossflow velocity (1, 2 and 3 m/s)
were varied. The temperature was set at 25°C.
Aqueous solutions of polyethylene glycol (PEG)
of 35 kDa molecular weight were used as feed. 

All the experiments were carried out with a
constant feed concentration. For that purpose
retentate and permeate were recycled back to the
feed tank. The same membrane was used for all
the experiments. After each experiment the
membrane was cleaned at 40°C with a 0.25 g/L
NaClO aqueous solution at pH 11 by adding
NaOH to prevent steel corrosion. Samples of feed
and permeate were taken in each experiment to
determine COD and therefore estimate mem-
brane retention of the solute vs. time. 

Finally, eight experiments were repeated
to validate the accuracy of the experimental
methodology. 

2.1.  Modelling 

Song and Elimelech [1] formulated a theory
based in novel aspects of crossflow ultrafiltra-
tion. This theory contributed to a better under-
standing of the process involved in the bounding
layer formation and in the gel layer growth and
formation. It also proposed a mathematical
model to describe the transition from the initial
non-steady state of the ultrafiltration process to
the final steady-state achieved when the thick-
ness of the gel layer remains constant all over
the membrane surface. This theory was checked
in the ultrafiltration of colloids [1]. 

The model considers a gradual formation of
the gel layer differentiating two regions over the
membrane surface: the region near the feed solu-
tion inlet where the gel layer is rapidly formed
and steady-state is instantly reached and a second
region where steady-state is slowly reached.
There is a frontier between the steady-state and

the non-steady state region that moves along the
membrane. 

Song and Elimelech [1] formulated an adi-
mensional parameter valid for spherical particles;
the critical filtration number (Eq. (1)): 

(1)

where ap is the particle radius, k Boltzmann’s
constant, T is temperature and ΔPc is the pressure
loss due to the concentration polarisation layer. 

The pressure loss in the concentration polari-
sation layer achieves a maximum critical value,
ΔPcc. Above this critical value, also named criti-
cal pressure, the gel layer begins to form. The
filtration number in Eq. (1) that corresponds to
the critical pressure is named critical filtration
number, NFC. Below the critical pressure, a con-
centration polarisation layer forms over the
membrane surface. This layer has a maximum
concentration below the gel layer concentration,
Cg. Above the critical pressure, the maximum
concentration near the membrane surface is Cg

and the gel layer begins to form. 
The critical filtration number is defined [4]

as follows: 

(2)

where , Cv being concentration (v/v). In
order to estimate the critical filtration number,
an estimation of the gel layer concentration, CGV,
is required. 

The critical filtration number relates the
energy needed for the transportation of a mole-
cule from the bulk solution towards the membrane
surface with the kinetic energy of the molecule.
As the critical filtration number increases, the
energy needed for the transportation of a molecule
towards the membrane surface also increases. 
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The parameter ΔPcc is estimated by means of
Eq. (1), after estimating the critical filtration
number using Eq. (2). 

The time, test, at which steady-state is achieved
for ultrafiltration processes controlled by the gel
layer resistance can be estimated by means of
Eq. (3) [6]. At test, the gel layer thickness and the
permeate flux remain constant with time. 

(3)

In Eq. (3), L is the membrane length, D is the
diffusion coefficient of the solute, Cg and Co are
the concentration in the gel layer and in the feed,
respectively, ΔP is the transmembrane pressure,
rc is the intrinsic resistance of the gel layer and γ
is the shear rate. 

The specific resistance of the gel layer is
given by the Kozeny-Carman equation (Eq. (4))
for the flow across a porous media. 

(4)

where µ is the dynamic viscosity of the permeate,
e = (1 – CGV) is the cake layer porosity and ap is
the radius of the solute molecule. 

For t < test, permeate flux in the non-equilib-
rium region, J(t), can be expressed as follows: 

 (5)

The frontier location, x(t), between the equi-
librium region and the non-equilibrium region is
given by Eq. (6): 

 (6)

When t < test, the mean permeate flux along
the membrane, Jm(t), is 

 (7)

When t > test, then x(t) = L, and the limiting
permeate flux, Jlim, is achieved. The limiting per-
meate flux is independent of the transmembrane
pressure (Eq. (8)). 

 (8)

3. Results and discussion 

Due to the small values of gel layer concen-
tration obtained, the values of ΔPcc estimated
are low when compared with the TMP. For the
same reason, osmotic pressure is also negligible. 

In Figs. 1–3, the experimental results for per-
meate flux decline are compared with those pre-
dicted by the model for a crossflow velocity of
1 m/s. For this crossflow velocity the probability
of cake layer formation is very high. 

The differences observed between experi-
mental results and those predicted by the model
are similar to those obtained by Vincent et al.
[12]. These differences are noticeable for short
time scales, for which predicted permeate flux is
higher than that experimentally observed. Pre-
sumably, a fouling mechanism not considered
by the model is taking part at the beginning of
ultrafiltration experiments. 
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Fig. 1. Comparison between experimental data and
model predictions for a crossflow velocity of 1 m/s and
a feed concentration of 5 g/L.
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In Fig. 1 it can be observed that experimental
results and those predicted by the model are more
similar for low TMPs (0.2 MPa). In all cases, the
model predictions for steady-state permeate flux
are inferior to the steady-state values obtained
experimentally. Furthermore, the model predicts a
time-delayed achievement of steady-state per-
meate flux when compared with the experimental
results. This can be explained considering that,
although the model explains ultrafiltration sup-
posing that steady-state permeate flux is achieved
by the growth and consolidation of the gel layer,
this may not be correct for all the experimental
conditions tested. 

For a feed concentration of 10 g/L, a similar
performance is observed (Fig. 2). Nevertheless,
the model predicts a relatively low diminution
of permeate flux with time only for a TMP of
0.2 MPa. Therefore, the time needed for steady-
state to be achieved predicted by the model is
in accordance with the experimental results for
this TMP. 

When the feed concentration is 15 g/L (Fig. 3),
the experimental results and those predicted by
the model are to some extent similar only when
more than four hours from the beginning of the
ultrafiltration experiment have passed. Besides,
predicted steady-state permeate flux is quite sim-
ilar to the experimental one. 

Experimental and predicted permeate flux are
closer for the lowest feed concentration (5 g/L)
and the lowest TMP (0.2 MPa) tested. The value
of the initial permeate flux estimated by the
model is near to the experimental results for these
experimental conditions. This results in a lower
permeate flux decline. When the more diluted feed
solution is exposed to the lowest TMP, initial
permeate flux is also the lowest. Consequently, the
pore blocking fouling of the membrane, which
causes a rapid initial flux decline, diminishes. 

For the minimum feed concentration tested
(5 g/L), differences between experimental and
predicted initial permeate flux are the lowest.
These differences increase when the concentration
near the membrane surface increases. 

The time required to achieve steady-state
diminishes with an increment in feed concentra-
tion and augments when increasing TMP, as
predicted by the model (Eq. (3)). The thickness of
the gel layer rises as TMP increases. As a result,
more solute molecules accumulate in the gel layer
due to the convective transport because steady-
state permeate flux remains constant. The intrinsic
resistance of the gel layer does not vary with TMP.

As feed concentration and TMP increase, the
difference between the predicted initial perme-
ate flux and that obtained experimentally increases
significatively. This suggests that a fouling
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Fig. 2. Comparison between experimental data and
model predictions for a crossflow velocity of 1 m/s and
a feed concentration of 10 g/L.
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model predictions for a crossflow velocity of 1 m/s and
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mechanism not considered by the model takes
place for short time scales. This fouling mecha-
nism is more severe as feed concentration and
TMP increase, what can be related to an instan-
taneous adsorption of molecules and/or pore
blocking and never to a high concentration polar-
isation resistance, as gel concentration values
estimated are low. 

4. Conclusions 

The main conclusions of this work are 
• As membrane resistance is high and the values

of the gel layer concentration estimated are
low, membrane resistance and an instantaneous
pore blocking and/or adsorption phenomenon
control ultrafiltration of PEG 35,000 for the
experimental conditions tested. As a result, for
most of the experimental conditions tested, gel
layer formation was not enhanced. Therefore,
permeate flux varied slightly with time.
According to the values of the critical pressure
obtained, a gel layer forms over the membrane
surface. The concentration of the gel layer is
low and it is far from the solubility limit of
PEG. Consequently, the gel layer resistance is
also low and it scarcely contributes to permeate
flux decline. The gel layer thickness is small
mainly due to a reduced TMP excess available
for its formation. A reduced membrane length
also contributes to a rapid achievement of
steady-state permeate flux. 

• For the experimental conditions tested, the
limiting permeate flux as well as the maximum
gel layer thickness is only accomplished for
TMPs of 0.4 and 0.5 MPa. 

• The variation of permeate flux with TMP
decreases with an increase in the feed con-
centration. At high feed concentrations this
variation is negligible. 

• For low TMPs (0.2 and 0.3 MPa) the influ-
ence of feed concentration on permeate fluxes
is lower than in the case of high TMPs (0.4 and
0.5 MPa). 

• The discrepancies between the model analysed
and the experimental results are due to the
following facts: 
– The model does not consider a rapid initial

permeate flux decline phenomenon caused
by adsorption or pore blocking. This phe-
nomenon may be occurring at the highest
TMPs set in the experiments. 

– The model is very sensitive to the gel layer
concentration values. The equations avail-
able to estimate de gel layer concentration
are not very precise. Therefore the applica-
bility of this model and others is limited. 
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