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Abstract

This work is part of general study dealing with the improvement of the distillation rate in solar distillation systems.

We are interested in the laminar flow which arises in fluids due to the interaction of the gravity force and density

differences caused by the simultaneous diffusion of thermal energy and of chemical species. Species concentration levels

are assumed small, as it is typical for many processes in water and in atmospheric air. This study states the problem in a

Cartesian coordinates system, involves the use of a Control-Volume based Finite ElementMethod (CVFEM) and solves

the full vorticity transport equation together with the stream function, concentration and energy equations. The

predicted stream function patterns, mass, temperature and velocity profiles as well as the mean Sherwood and Nusselt

numbers are presented and discussed for different combination of aspect ratios, Rayleigh numbers and buoyancy effects.
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1. Introduction

There are many transport processes occur-
ring in nature in which flow is driven by
density differences caused by temperature,

chemical composition differences and gradi-
ents. Despite the intensity of the effort,
knowledge in this area is still limited. The
demands for additional information and bet-
ter understanding of this phenomenon have
also increased.
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Natural convection in fluid-filled rectan-
gular enclosures driven solely by a temperature
difference has received attention over the past
several years because of its numerous
engineering applications. These applications
span such diverse fields as passive solar heat-
ing, solar collectors and the energy efficient
design of buildings and rooms to name a few.
Extensive reviews for thermal natural convec-
tion in enclosures can be found in references
[1–3]. However, natural convection flow in
rectangular enclosure arising from differences
in concentration and in conjunction with tem-
perature effects has received little attention.
The mathematical complexities are much
more involved than in the purely thermal dif-
fusion problems because of the multiple mass
and heat transfer parameters which are corre-
lated in terms of a combined buoyancy effect.
The lack of the numerical studies in this area is
due to the coupling and non-linearity of the
governing equations and the influence of the
combined effect on the stability of laminar
flows. Furthermore, it is difficult to infer use-
ful information from previous studies regard-
ing mass and heat transfer affecting the
distillation rate. In fact, the fluid motion, the
mass and thermal structure fields are strongly
dependent on the geometrical parameters of
the cell and on the mass and thermal condi-
tions. So, the results from one case are not
transposable to another case.

Processes involving mass transfer effects
have long been recognized as important, prin-
cipally in chemical processing equipment and
in the solar thermal systems that produce
potable water from salty water. There are
many methods of converting brackish water
into potable water using solar energy. The
oldest and most widely used process is the
capillary film distiller (DIFICAP) which can
be integrated in a greenhouse roof by using a
glazing cavity [4]. This capillary film distiller
presents the advantage of heat recovery: it

is the reuse of the vapour condensation
heat to evaporate another quantity of water.
This type of distiller has been patented by
R. C. Ouahes and P. Le Goff and is made
up of identical evaporation-condensation cells
[5]. In each cell, a wall on which flows a thin
seawater film, is submitted to a solar flux
while the opposite wall is maintained at a
cooled temperature [6]. In the case of solar
distillation systems integrated in a greenhouse
roof, the seawater is partially evaporated
under the greenhouse effect due to the solar
radiation. The condensation water trickles
down the external glass and is collected in a
tank, which supplies the greenhouse with
fresh water for irrigation.

In order to deepen the understanding of
the mass and heat transfer mechanisms by
natural convection in such processes, a basic
study of the problem simulating the situation
described above was developed.

The present study is based upon a numer-
ical solution to the complete Navier-Stokes
concentration and energy equations for
steady state laminar natural convection flow
resulting from the combined buoyancy effects
of thermal and mass diffusion in a rectangu-
lar enclosure with differentially heated side
walls. Results are obtained for different com-
binations of aspect ratio, mass and thermal
Rayleigh numbers and the relative impor-
tance of chemical and thermal diffusion in
causing the density difference.

2. Physical problem and governing equations

Fig. 1 presents a schematic drawing of the
considered enclosure which simulates an eva-
poration-condensation cell of the solar distiller.
The study domain is a two dimensional rectan-
gular enclosure of dimension H � L with
different aspect ratios ranging from 1 to 4.
The cavity is assumed to be infinite depth
along the z-axis and is heated differentially
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along the vertical walls. The left and right walls
are held at uniform temperatures, Th and Tc,
respectively, with Th > Tc. The remaining hor-
izontal walls were kept adiabatic in the process.
The water on the left hot wall of the cavity is
vaporized from the liquid–vapour interface
(thin water film). The vapour moves through
the air and condenses at the cooled right wall.
Conservation equations are written using the
stream function-vorticity approach and assum-
ing constant property except for the density in
the body force term. The coupled elliptic trans-
port equations for  *, !*, C* and T* written in
Cartesian coordinates, in dimensionless form
and for steady 2-dim laminar convection, are
as follows:
– Continuity equation:
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U�
@T�

@x�
þ V �

@T�

@y�
¼ @2T�

@x�2
þ @

2T�

@y�2

� �

– Mass equation:
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The boundary conditions corresponding to
the considered problem are as follows:
– On the hot vertical wall: T* = C* = 1,

U* = V* =  * = 0
– On the cold vertical wall: T* = C* =

U* = V* =  * = 0
– On the adiabatic walls: @T�=@y� ¼
@C�=@y� ¼ U� ¼ V � ¼  � ¼ 0

We derive the boundary condition for !*
by expanding the stream function near the
wall as a Taylor series and then using
the continuity and the no-slip condition:
!� ¼ 2  �w �  �

� �
=�n�2

� �
.

n*denotes the normal direction from thewall,
 �w is the stream function value at thewall and *
is the value at a short distance�n* into the fluid.

The system of the governing equations
contains multiple dimensionless parameters:
RaT, RaM, N, A, Pr and Sc. Buoyancy ratio
N represents the relative effect of chemical
species diffusion on the thermal diffusion in
causing the density difference which drives
the flow. It is to be noted that for N = 0,
there is no mass diffusion effect and the
buoyancy force arises solely from the tem-
perature difference. The buoyancy forces
from mass and thermal diffusion are com-
bined to assist the flow when N > 0, whereas
they oppose each other as N < 0.

3. Solution procedure

The coupled elliptic transport equation for
 *, !*, C* and T* are solved numerically

Fig. 1. Geometric configuration the glazing cavity.
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using the Control-Volume based Finite-Ele-
ment Method [7,8]. The most attractive fea-
ture of this approach is the physically
meaning full basis of its formulation in
terms of fluxes and sources and its ability to
use an irregular grid which provides more
flexibility in fitting irregular domains. The
principal advantage of this method is its
demonstrated ability to reduce cross-stream
diffusion significantly by properly taking
into account the local orientation of the
flow field. Moreover, the CVFEM provides
accurate predictions and physically realistic
results with relatively coarse meshes. To over-
come instabilities related to the discretization
of the velocity components by Linear Inter-
polation function (LI), we used a Mass-
Weighted skew upwind interpolation scheme
(MAW) [9]. According to the values of local
velocity, we used a hybrid scheme which con-
sists to use the LI scheme, whenever possible,
and switch to the MAW scheme when nega-
tive contributions to the coefficients in the
convection-diffusion discretization equations
are encountered.

The discretized equations obtained form a
set of simultaneous linear equations. Any
suitable solution method can be employed
at this stage. In our study, the discretized
equations, one for each control-volume, are
solved by using the Simultaneous Overre-
laxation Method (S.O.R) with Chebyshev
acceleration algorithm [10]. The solution
was considered converged when the relative
error between the new and the old values of
and T* is less than 10�4. We use an
unequally spaced grid that provides good
results with a minimum number of computa-
tional points. In the present study, the num-
ber of grid points in the x-direction is fixed
at 20 for all cases, while the number of grid
points in the y-direction varies from 20 for
A = 1 to 80 for A = 4.

4. Numerical results

The flow, mass and temperature fields are
presented for Pr = 0.7 and Sc = 0.6 which
cover water vapour diffusion into air. The
thermal Rayleigh numbers RaT were varied
between 100 and 105 for two aspect ratios 1
and 4, with two buoyancy ratios 0 and 1.
Several computated results for isotherms are
shown in Fig. 2. As can be seen, the flow,
mass and thermal fields are strongly depen-
dent on thermal Rayleigh number and on the
aspect ratio of the enclosure.

The isotherms show steep temperature gra-
dient near the heated wall portion. We note
the presence of a thermal plume close to the
hot active surface where steep mass and tem-
perature gradients exist. These mass and heat
gradients initiate and maintain the natural
convection flow within the enclosure. Warm
fluid adjacent to the hot surface is convected
upward and is replaced by cooled air. In fact,
the ascending streams are warmer than the
descending ones, providing the driving force
in the respective direction of motion.

The similarities between the governing
equations for heat and mass transfer suggest
that empirical correlation for the mass trans-
fer coefficient and concentration field would

 a) Ra=101 b) Ra=103   c) Ra=105 

Fig. 2. Isotherms and vector fields for A = 1 andN = 1.
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be similar to those for the heat transfer coef-
ficients and temperature field. So the concen-
tration fields are not presented here because
the same change is observed. For low thermal
Rayleigh number RaT, the isotherms are
nearly parallel to the vertical heated wall,
indicating that most of the heat transfer is
by heat conduction. The effect of convection
is seen as the departure of the isotherms from
the vertical. As the Rayleigh number
increases, the deformation of the isotherms
becomes more accentuated and the mechan-
ism of heat transfer is gradually shifted to
natural convection.

At RaT = 105, we note also the beginning
of the formation of a thermal boundary layer
adjacent to the vertical walls. With further
increase in thermal Rayleigh number, the
boundary layers become thin and more dis-
tinguished. The corresponding velocity vector
fields shown in Fig. 3, form a nearly centrally
located single clockwise rotating vortex. This
rotating cell is generated by the temperature
gradient across the section. This gradient
@T�=@x� is negative everywhere in this case
(single rotating cell for RaT � 105), giving
rise to positive (clockwise rotation) vorticity.
We note that this clockwise motion convects
cool fluid along the cold wall and down into
the lower right-hand quadrant of the enclo-
sure resulting in a negative temperature per-
turbation. At the same time, warm fluid
adjacent to the vertical hot surface is con-
vected upward where it appears as a positive
perturbation in the upper portion of the
enclosure. As the thermal Rayleigh number
increases (RaT � 104) the velocity field in the
centre of square cavity is distorted into an
elliptic shape and the effect of convection is
more pronounced in the isotherms. Tempera-
ture gradients are now more severe near the
vertical walls, but diminish in the centre. This
behaviour continues to Ra = 105 where the
velocity field in the centre of the square cavity

is further elongated and two small secondary
cells appear within the main cell. Heat trans-
fer by convection in the viscous boundary
layers alters the temperature distribution to

           Ra=101                  Ra=103                    Ra=105 

Fig. 3. Isotherms and vector fields for A = 4 and

N = 1.
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such an extent that temperature gradients in the
centre are close to zero, or change sign, thus
promoting negative vorticity. This causes the
development of secondary vortices in the core.

As discussed in ref. [2], the secondary vor-
tices in the square cavity do not result from
instability of the base flow but are a direct
consequence of the convective distortion of
the temperature field. As thermal Rayleigh
number increases, the development of ther-
mal boundary layers intensifies @T �=@x� in
the vicinity of the walls and the convection
within each layer leads to the positive
@T�=@x� in the centre. A vorticity sink thus
separates the regions of concentrated vorticity
generation and two vortices are formed.
Viscous diffusion appears to prohibit the
development of these vortices for RaT < 105.
The vortices at RaT = 105 are sufficiently
strong to convect the temperature fields to
the extent that the isotherms are nearly hor-
izontal in the centre, preventing any vertical
motion.

For A = 4, the same change of tempera-
ture, mass and velocity fields is observed in
the enclosure (Fig. 3). However, the variation
of thermal Rayleigh number in the considered
Rayleigh range (RaT � 105) does not affect
considerably the flow, mass and temperature
fields, persisting on a regime closer to that of
conduction. In fact, the structure of velocity
and temperature fields suggest that the flow
pattern is characterized by a nearly centrally
located single clockwise rotating vortices and
the deformation of the isotherms becomes
less accentuated.

Fig. 4 shows the variation of the vertical
velocity component profiles along the hor-
izontal line passing by the geometrical cen-
tre of the cavity for two aspect ratios
A = 1 and A = 4 and for two buoyancy
numbers N = 0 and N = 1. It is found for
a square cavity that as the thermal Ray-
leigh number increases, the maximum

velocity moves closer to the wall and its
amplitude increases. At the same time, the
velocity between the two maxima becomes
progressively smaller. This indicates that at
RaT = 105, the horizontal variation of the
vertical velocity is more concentrated at the
left and right extremities of the square cavity
while along the remaining part of the cavity
length, there is no variation. For aspect ratio
A = 4, the regions of the horizontal varia-
tion of the vertical velocity are extended
away from the left and right extremities
and hence V* varies along the whole length
of the cavity. The buoyancy ratio N repre-
sents the ratio of the concentration to ther-
mal buoyancy. It is clear that as compared
to the case of N = 0 (i.e. the case in which
there is no mass diffusion effect and the
buoyancy force arises only from the thermal
variation), the velocity level increases in the
enclosure when the buoyancy force from
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Fig. 4. Vertical velocity component profiles for

Ra = 105.
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species diffusion acts in the same direction of
the thermal buoyancy force (N = 1).

After convergence is attained, the local
Nusselt and Sherwood numbers related
respectively to the dimensionless temperature
and concentration, and average Nusselt and
Sherwood numbers (determined by the Simp-
son method) are calculated as follows:
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The influence of thermal Rayleigh number
on respectively average Nusselt number is
shown in Fig. 5. As indicated in previous
studies, the heat (mass) transfer is an increas-
ing function of thermal (mass) Rayleigh

number. The variation of the local Nusselt is
presented in Fig. 6. One can notice that the
Nusselt number greatly changes with the cav-
ity height indicating a weak maximum value
closer to the bottom of the cavity. Also, the
curve is characterized by a very weak slope at
the vertical extremities. These results are simi-
lar to those reported in references [1–3].

5. Conclusion

Numerical solutions to the Navier-stokes,
mass and energy equations for laminar nat-
ural convection flow resulting from the com-
bined buoyancy effects of thermal and mass
diffusion in a cavity with differentially heated
side walls have been obtained for large range
of Rayleigh numbers and using a control-
volume based finite-element method. This
numerical approach allowed us to analyse
the complex natural convection flow situa-
tions arising in the cavity, and appears to be
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sufficiently versatile to permit computation of
other effects like the inclination of the glazing
cavity.

6. Symbols

A — Aspect ratio (H/L)
Dw;a — Diffusion coefficient
g — Gravitational acceleration, m/s2

H — Height of the enclosure, m
L — Length of the enclosure, m
Le — Lewis number (Sc/Pr)
N — Buoyancy number
Pr — Prandtl number (�/�)
RaT — Thermal Rayleigh number (based

on L) (�T g (Th � Tc)L
3/� �)

RaM — Mass Rayleigh number (based on
L) (�M g (Ch � Cc)L

3/� �)
Sc — Shmidt number (�/Dw;a)
T — Average temperature, K
T* — Dimensionless temperature

(T � Tc)/(Th � Tc)
U* — Dimensionless horizontal velocity

(U L/�)
V* — Dimensionless vertical velocity

(V L/�)
x* — Dimensionless x coordinate (x/L)
y* — Dimensionless y coordinate (y/L)

Greek symbols
� — Thermal diffusivity, m2/s
� — The diffusion coefficient
�T — Coefficient d’expansion thermique

du fluid, K�1

�M — Mass expansion coefficient,
m3�mol�1

C — Dimensional specie concentration,
mol�m�3

� — Cinematic viscosity, m2�s�1
! — Vorticité, s�1

!* — Dimensionless vorticity (!L2)/�
 — Stream function, m2/s
 * — Dimensionless stream function

( /�)

C* — Dimensionless specie concentration
(C � Cc)/(Ch � Cc)

Subscripts
av — Average
c — Cold
h — Hot
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mécanique des fluids et thermique présentant

notamment des singularités aux frontières, thèse
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